
 

Chapter 3

The Real Numbers

3 i Natural Numbers and Induction

In this course we let

IN n 2,3 7

denote the set of all natural numbers

First of all let us assume the important
property of 1N as the following axiom

Axiom 3 n n Well Ordering Property of
1N
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If s is a nonempty subset of 1N there

there exists an element m C S such that
m E s for all i c S
If 0 f SE IN then I m E S z m s s Uses
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Theorem s i e Principle of MathematicalInduction
uahmrqdobiodunmmdno.no
Let Pcn be a statement for all new

Suppose that
a Pcn is true
2 For each k C IN if Pok is true

then Poker is also true
Then Pcn is true for all h C IN
Prod Cpn of r Cpn gear Z I
Suppose that the hypotheses U and Ca

hold true but Pcn is not true for some newMr
false

Now we let
S n C IN Pcn is false4

Since we suppose that Pan is false for some
n c IN we can insure that Std



Then the well ordering principle of 1N
guarantees that there exists an element
mII such that m E s for all SES
Since m c S we note that Pcm is false
On the other hand we know that Pens is true

it follows that a f S This means that m 1
why
Since m C IN and m 1 we know that

m i C IN and m n et S This implies that
Pc m n is true By using on we obtain that
Pc m ite is also true that is Pcm is true
Thus we get that M 5 which leads to a

contradiction with me S
Therefore we conclude that Pan must
be true for all u e IN
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Basis for Induction
Induction step

Example3 i.rs Prove that
i t 2 t s t t n h Cn t n forevery hCIN



Proof Let Pan be the statement
l t z t 3 t t n IzhCn t n

Basis for induction Let us consider
a pen

Note that
a Cn Cn t n

this means that Pen is true
Induction Step Let k be given.and assume
that Pcb holds That is

a at t k kCk117
Weclaim that Pokers is also true
Consider

k Kk ti IzkCk th tdeer
Kclet77

deck th t Cktr

12CKer Ck127

12CKen Ceken th

which means that Pokers is also true
Therefore by using the principle of mathematicalinduction we conclude that Pons is true for
all new
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Theorem 3 I 6
Let me IN and let Pon be a statement

for each n som Suppose that
cm Pcm is true
G For each k m if Pok is true then

also Poker is also true
Then Pam is true for all h z m
Pref Exercised

Fate Prove that 2 7 2n 11 for all he33
Proof
For n 3 we note that

23 8 7 7 203 th

which implies that the statement holds for n 3
Let k 33 be given and supposethat

2
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gck.tn 11
which means that Pokers is also true
Hence we conclude that Pen is true for
all n 33
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