EXERCISES 8.1

Basic Substitutions

el Ny N 10 o

Evaluate each integral in Exercises 1-36 by using a substitution to re-

duce it to standard form.

&) -/
@ " EoETn

9. /cot(3 — 7x)dx

11. /e"csc(eg +1)do

13. /sec%dt

15. /csc (s —m)
\/1n2
17./
0
19. / eV sec® v dv
21. /3"+ldx
Viw
2. /2 dw
25. / 9du
1+ 9u?
1/6
27‘ d—x
0 1 — o’
20. 2sds
Vi1 —s*
31 [ 6dx
xV25x% — 1
dx
il

3

T dx
3. /1 x cos (Inx)

/ Completing the Square

~ 3cosxdx

V1 + 3sinx

dx
x - Vx

10. /csc(wx — 1)dx

cot ( 3 ¥ lnx)
12.

16.

14./xsecx - 5)dx
/02

18. / (sin y)e*s? dy

eViar

Vi

Inx
2. / 27 o
24. / 10% do

20.

26‘/¢

1+ (2x + 1)?
28./ — ]
o Va4 -1

30, [ 2dx

xV1 —4In’x

dr

32./7
N2 -9
34‘/7))
Ve¥ — 1

36. / Inx dx
x + 4xIn’x

Evaluate each integral in Exercises 37-42 by completing the square
and using a substitution to reduce it to standard form.

8dx

2
37-/27
1 x*—2x+2

39_/$
V-1t +4t -3

_dx
A /(x+ 1)Vx? + 2x

4
38./ ZL
2 x°— 6x + 10

V26 — 6

Y - S
42./(x—2)\/x2—4x+3

3: /SVsinvcosvdu

/‘ 16x dx
5.
o 8x2 +2

/Trigonometn’c Identities

Evaluate each integral in Exercises 43—46 by using trigonometric

/3

/4 tanz

4. / cot’ y esc? y dy

o |

sec z

identities and substitutions to reduce it to standard form.

43. /(secx + cotx)?dx

45. / cscx sin 3x dx

46. / (sin 3x cos 2x — cos 3x sin 2x) dx

Improper Fractions

Evaluate each integral in Exercises 47-52 by reducing the improper
fraction and using a substitution (if necessary) to reduce it to standard

I

form.
X

47. /x g ldx 48.
3 dx 50.

V2 x“—1

. R 3

s1. /ww s2.
244

Separating Fractions

Evaluate each integral in Exercises 53—56 by separating the fraction
and using a substitution (if necessary) to reduce it to standard form.

2
X
dx
241

Sax2 -7

-1

/

2x+3dx

20° — 70 + 70

20 —35

53 /l;xdx 54 /X+2"‘_
V1 - x? xVx:—1
w/4 g 12 5 _
55. / 1+ sinx g 56. / 2= 8 g
0 cos”x 0o 1+ 4x

Multiplying by a Form of 1

Evaluate each integral in Exercises 57-62 by multiplying by a form of
1 and using a substitution (if necessary) to reduce it to standard form.

1
57a /mdx 580
59, +d6 60.
: secf + tan 6 .
1
61. /—dx 62.
1 — secx

Eliminating Square Roots

Evaluate each integral in Exercises 63-70 by eliminating the square

root.

2™ 1 = cosx

/
/
/

N
1 + cosx

1

csc O + cotf

.
1 — cscx

do

44. /(cscx — tanx)? dx

do

64. / V1 — cos2xdx
0
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T 0 5 = 3
b. E 50 d0 in terms of [ cot> 6.db.
65. / V1 + cos 2tdt 66. / V1 + costdt xpress. oo inferma/off f o
/2 .

c. Express f cot” @ d6 in terms of f cot’ 8d6.

67. /Omdo 68. /"mdﬂ d. Express f cot?**1 9 df, where k is a positive integer, in terms
(5 w2

offcotz"*'b"dﬂ

/4 0
69. / V1 + tan’ ydy 70. / Vsec?y — ldy
/4 /4

Theory and Examples
87. Area Find the area of the region bounded above by y = 2 cosx

Assorted Integrations and below by y = secx, —m/4 = x = /4.
Evaluate each integral in Exercises 71-82 by using any technique you 88. Area Find the area of the “triangular” region that is bounded
think is appropriate. from above and below by the curves y = cscx and y = sinx,
ol % 7/6 = x = /2, and on the left by the line x = 7/6.
, k)
71 / (cscx — cotx)?dx  72. / (secx + 4 cosx)?dx 89. Volume Find the volume of the solid generated by revolving the
/4 0 region in Exercise 87 about the x-axis.
73 / cos § csc (sin 8) dO 74 / (I 4 l) cot (x + Inx) dx 90. Volume Find the volume of the solid generated by revolving the
x region in Exercise 88 about the x-axis.

91. Arc length Find the length of the curve y = In(cosx),

75. /(cscx — secx)(sinx + cosx) dx 0=x=m/3.

o 92. Arc length Find the length of the curve y = In(secx), 653
76./3sinh (§+ln5>dx 0=x=m/4.
6d 93. Centroid Find the centroid of the region bounded by the x-axis,
77. /4)1 78. /dix the curve y = secx, and the lines x = —7/4,x = 7/4.
X

Vi1 +y) Vi -1 5i

. Centroid Find the centroid of the region that is bounded by the

79 / 7 dx 80, / dx x-axis, the curve y = cscx, and the lines x = 7/6,x = 57/6.
(x —1)Vx?—2x — 48 (2x + 1)V4ax? + 4x 95. The integral of csc x Repeat the derivation in Example 7, using
dx cofunctions, to show that
81. /seczttan (tan t) dt 82. /7
*V3 + x?

/cscxdx = —In|escx + cotx| + C.

Trigonometric Powers

96. Using different substitutions Show that the integral
83. a. Evaluate fc0539d0. (Hint: cos’6 = 1 — sin®6.) J e S

5
Exercise b. Ev-aluate fcos 6do. A A A (2 = 1) + 1)) 2P
c. Without actually evaluating the integral, explain how you
would evaluate [ cos’ 6 df.
84. a. Evaluate / sin® 6 d6. (Hint: sin*8 = 1 — cos?6.) can be evaluated with any of the following substitutions.
b. Evaluate fsinSGdG. a u=1/(x+1)
c. Evaluate [ sin’0.d6. b ou=((x = 1)/(x + 1)) fork = 1,1/2,1/3, =1/3, =2/3,
=1
d. Without actually evaluating the integral, explain how you B8 .
would evaluate f sin'*6.db. Co WIS AN
3 p d. u = tan '"Vx e u=tan! ((x — 1)/2)
85. a. Express f tan’ 0 df in terms of f tan 6 df. Then evaluate . .
ftan39d9. (Hint: tan® @ = sec’6 — 1.) f. u=cos'x g u = cosh'x
b. Express f tan® 6 d6 in terms of f tan>0d6. What is the value of the integral? (Source: “Problems and Solu-
c. Express f tan’ 6 d6 in terms of f tan’ 6 d6. tions,” College Mathematics Journal, Vol. 21, No. 5 (Nov. 1990),

g 5 ; . 425-426.
d. Express f tan’**! 0 dB, where £ is a positive integer, in terms EE )

of [ tan®*"' 6 db.
86. a. Express f cot’ 6 df in terms of f cot 6 df. Then evaluate
f cot’ 0 d6. (Hint: cot? 0 = csc’0 — 1.)



EXERCISES 8.2

Integration by Parts

Evaluate the integrals in Exercises 1-24.

1. /xsin%dx 2.

3. /tzcostdt 4.
2

5./xlnxdx 6.
1

7 /tan_lydy 8.

0 cos w6 db

x? sinx dx

x* Inxdx
sin”!ydy

9. / x sec? x dx 10. 4x sec? 2x dx

11. /x3e*dx 12.

Substitution and Integration by Parts

Evaluate the integrals in Exercises 25-30 by using a substitution prior
to integration by parts.

25. / V¥t ds

a3
27. / x tan® x dx
0

29. /sin (Inx) dx

pledp

S Bl B, B B S

1
26. / xV1 — xdx
0

28. /ln (x + x?) dx
30. /z(ln 2)?dz

Theory and Examples

31. Finding area Find the area of the region enclosed by the curve
y = xsinx and the x-axis (see the accompanying figure) for
a 0=x=w b. m=x=27w C 27 = x = 37.

d. What pattern do you see here? What is the area between the
curve and the x-axis for nm = x = (n + 1), n an arbitrary
nonnegative integer? Give reasons for your answer.

10 y=xsinx

32. Finding area Find the area of the region enclosed by the curve
»y = xcosx and the x-axis (see the accompanying figure) for

a. /2 =x = 37/2 b. 37/2 = x = 5m/2
C: w2 =x=Tn/d.

d. What pattern do you see? What is the area between the curve
and the x-axis for

n an arbitrary positive integer? Give reasons for your answer.

¥
10 _
Y= Xxcosx
X
of = 3m 57 im
2 2 2 2
10

13. / (x? — 5x)e¥dx 14. / P2+ r+ 1)e"dr
15. /xse’(dx 16. /tze‘“dt
w2 w2

17. / 6%sin 20 d6 18. / x* cos 2x dx

0 0

2 1/V2
19. / tsec”! tdt 20. / 2xsin”! (x2) dx

2\V3 0
21. /eﬂsinf)d@ 22. /eff"cosydy

23. / e* cos 3x dx 24. / e > sin 2x dx

33. Finding volume Find the volume of the solid generated by re-
volving the region in the first quadrant bounded by the coordinate
axes, the curve y = ¥, and the line x = In2 about the line
x=1In2.

34. Finding volume Find the volume of the solid generated by re-
volving the region in the first quadrant bounded by the coordinate
axes, the curve y = e, and the line x = 1

a. about the y-axis. b. about the linex = 1.

35. Finding volume Find the volume of the solid generated by re-
volving the region in the first quadrant bounded by the coordinate
axes and the curve y = cosx, 0 = x = /2, about

b. the linex = /2.

36. Finding volume Find the volume of the solid generated by re-

volving the region bounded by the x-axis and the curve
y = xsinx, 0 = x = m, about

a. the y-axis.

a. the y-axis. b. the linex = 7.
(See Exercise 31 for a graph.)

37. Average value A retarding force, symbolized by the dashpot in
the figure, slows the motion of the weighted spring so that the
mass’s position at time 7 is

4 =0, 663

y = 2e'cost,

Find the average value of y over the interval 0 = ¢ = 27.

Yl Mass

Dashpot

38. Average value In a mass-spring-dashpot system like the one in
Exercise 37, the mass’s position at time 7 is

y = 4e'(sint — cost), t=0.

Find the average value of y over the interval 0 = ¢t = 27.



Reduction Formulas

In Exercises 39-42, use integration by parts to establish the reduction
Sformula.

39. /x" cosxdx = x"sinx — n/xr1 sinx dx

40. /x"sinxa'x = —x"cosx + n/x"flcosxdx

nyax g _ X"€™ _n [ a1 ax
41./xe dx = a —E/x e®dx, a#0
42. /(lnx)" dx = x(Inx)" — n/ (Inx)" ' ax

Integrating Inverses of Functions

Integration by parts leads to a rule for integrating inverses that usually
gives good results:

/f"()c)dx = /yf’(y)dy

=yf(») */f(y) dy

y=fx), x=f(y
dx = f'(y)dy

Integration by parts with
u=ydv=f(ydy

o Y / 1) dy

The idea is to take the most complicated part of the integral, in this
case f~(x), and simplify it first. For the integral of In x, we get

/]nxdx:/yeydy

=ye? —er + C

y=Ihx, x=e¢’
dx = e’dy

=uxilngs—xit Gk

For the integral of cos ™' x we get

/cosflxdx =xcos 'x — /cosydy y =cos'x

=xcos x —siny + C

= xcos 'x — sin(cos ' x) + C.

Use the formula

/f“(x)dx = xf () - /f(y)dy y='0 (@)

to evaluate the integrals in Exercises 43—46. Express your answers in

terms of x.
44. / tan™' x dx

43. /sin_lxdx
45. /secilxdx 46. /logzxdx

Another way to integrate f~'(x) (when f~' is integrable, of
course) is to use integration by parts with u = f~!(x) and dv = dx to
rewrite the integral of f ! as

[r@a=sw - [+(frw)a )

Exercises 47 and 48 compare the results of using Equations (4) and (5).
47. Equations (4) and (5) give different formulas for the integral of

cos  x:
a. /cos'lxdx = xcos 'x — sin(cos'x) + C Eq. (4)
b. /cosflxdx=xcosflx— V1i-x*+cC Eq. (5)

Can both integrations be correct? Explain.

48. Equations (4) and (5) lead to different formulas for the integral of
tan ! x:

a. /tan_lxdx = xtan"'x — Insec (tan”'x) + C Eq. (4)

b. /tanflxdx =xtan'x —InV1+x*+C

Can both integrations be correct? Explain.

Eq. (5)

Evaluate the integrals in Exercises 49 and 50 with (a) Eq. (4) and (b)
Eq. (5). In each case, check your work by differentiating your answer
with respect to x.

49. /sinhflxdx 50. /tan]f'xdx
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EXERCISES 8.3

Expanding Quotients into Partial Fractions
Expand the quotients in Exercises 1-8 by partial fractions.
5x— 13 S5x. =7
x—3)(x—2) .x273x+2
x + 4 2x4:2
.. 4. ———
(x +1)? x2—2x+ 1
z+1 Z

A TIN 6. ——————
Xz — 1) 23— 22— 6z
?+38 t+9

2 —5+6 T+ o
/ Nonrepeated Linear Factors

In Exercises 9—16, express the integrands as a sum of partial fractions
and evaluate the integrals.

/ 10./ dx
1 —x2 x4 2x
_x+4 T
x+5x—6 - 7x + 12
8 d) Ly+4
13.‘/% 14./ yz dy
4y =2y -3 12y°+ty
15./# 6. [ 22
£+ 2 -2 2% — 8x

/ Repeated Linear Factors

In Exercises 17-20, express the integrands as a sum of partial frac-
tions and evaluate the integrals.

xdx 18 /0 X dx
ox+2x+1 Tt -2+ 1

Evaluating Integrals

Evaluate the integrals in Exercises 35-40.

t 4t 2 _ Lt
35./267‘# 36./8”#‘#
e +3e'+2

M+ 1
cos y d) i
37‘/ - ydy 38‘/ . sin 6 df
sin“y + siny — 6 cos“@ + cosh — 2
- / (x — 2)*tan”! (2x) — 12¢% — 3x
' (42 + 1)(x — 2)

20 / (x + 1)%tan™" (3x) + 9x3 + x
: (9x% + 1)(x + 1)

dx x2dx
1‘/(x271)2 0./(x*1)(x2+2x+1)

Irreducible Quadratic Factors

In Exercises 21-28, express the integrands as a sum of partial frac-

tions and evaluate the integrals.
V3,
22. / 3+t 4 dt
1

1
dx
2 A (x+ D2+ 1)

3+t
2
y +t2y+1 8x? + 8 + 2
23, | ———"——d 24, [ 2 =22
GFr1E ¥ (4x? +1)?

25 + 2 st + 81
25. . 26. —————d:
/(s2 -1 /s(s2 +op®

27 /203+592+80+4d9
’ (6* + 20 + 2)?

/04—4o3+292—30+ 1,
6>+ 1)
Improper Fractions 675

In Exercises 29-34, perform long division on the integrand, write the
proper fraction as a sum of partial fractions, and then evaluate the
integral.

3 _ 2 4
29. / R 30. / X
X =% % =1
3 _ 3
31_/%‘# 32,/2de
X" = X 4x° — 4x + 1

e 24
s [Py s [
y +y ¥ = ps byl




EXERCISES 8.4

Products of Powers of Sines and Cosines

Evaluate the integrals in Exercises 1-14.

@ sm5 xdx 2. / sin® ¥ dx
o 2

=

1
8 sin* x dx 8. / 8 cos* 27x dx
0

4
9. / 16 sin” x cos® x dx 10. / 8 sin*y cos’ y dy
—m/4 0
w2 ”
11. / 35 sin® x cos® x dx 12. / sin 2x cos” 2x dx
0 0
/4 )
13. / 8 cos® 26 sin 26 df 14. / sin® 26 cos® 26 df
0 0

Integrals with Square Roots

Evaluate the integrals in Exercises 15-22.

S -
@15/ /1 cosx 16./ V1 = cos 2 dx
0
17/ V1 — sin’tdt
/4

V1 + tan® x dx

—n/4

/2
/ V1 — cos26db
0

m

18./ V1 — cos?0.do
0
w4

20. / Vsec?x — 1dx
—m4

22./ (1 — cos?t)*? dt

/ Powers of Tan x and Sec x

Evaluate the integrals in Exercises 23-32.
0
23. / 2 sec’ xdx
/3

/4
25. / sec 6 do
0
/2
27: / csct 6 do 28. / 3csc
/4
/4
29. / 4 tan’ x dx
0
w2
32./ 8 cot* ¢ dt
/4

/3
31. / cot® x dx
/6

\/ Products of Sines and Cosines

Evaluate the integrals in Exercises 33-38.

e* sece

/12
26. / 3sect 3xdx

0

0 w2
33. / sin 3x cos 2x dx 34. / sin 2x cos 3x dx
— 0

T

w

5.

37.

/6
/ cos® x dx 4. / 3 cos® 3x dx
) 0
/2
/ sin’ y dy 6. / 7 cos tdt
0

/2
36. / sin x cos x dx
0

/2
38. / cos x cos 7x dx
—n)2

)

/ sin 3x sin 3x dx

/ cos 3x cos 4x dx
0

Theory and Examples

39.

40.

41.

42.

43.

44,

45.

46.

Surface area Find the area of the surface generated by revolv-
ing the arc

x=1, y=1%2, 0=t=2,

about the x-axis.
Arc length  Find the length of the curve

y=1In(cosx), 0=x=m/3.

Arc length  Find the length of the curve
y =In(secx), 0=x=m/4.

Center of gravity Find the center of gravity of the region

bounded by the x-axis, the curve y = secx, and the lines x =

—m/4,x = m/4. 684
Volume Find the volume generated by revolving one arch of the

curve y = sinx about the x-axis.

Area Find the area between the x-axis and the curve y =
1 +cosdx,0 =x=1.

Orthogonal functions Two functions f and g are said to be or-
thogonal on an interval @ = x = bif [ f(x)g(x)dx = 0.

a. Prove that sin mx and sin nx are orthogonal on any interval of
length 277 provided m and n are integers such that m? # n?.

b. Prove the same for cos mx and cos nx.
¢. Prove the same for sin mx and cos nx even if m = n.

Fourier series A finite Fourier series is given by the sum

N
fx) = Saysinnx
=1
= aysinx + apsin2x + -+ + aysin Nx

Show that the mth coefficient a,, is given by the formula

- %[:f(x)sinmxdx.



EXERCISES 8.5

Basic Trigonometric Substitutions

Evaluate the integrals in Exercises 1-28.

1/ &b
SN+
2 ax
24+ x?

2 4

o Vo-2
7. /\/25—t2dt

S.

9 /L x> 1
Vax? — 49 2
Vy? — 49

11. f

dy, y>17

x>1

13. /L,
2Vx2 -1
x> dx
Vit 4
8dw
g RO

/\/3/2 4x2 dx
0 (1 —x%)>?

dx
21./m, x =1

15.

17

2 |29
V1 + 9y?
7 dx
o 8+ 2x?
1/2V2 2 dx

0 Vi-42
8. /\/1 — 9% dt

o [ Bax U3
V25x2 =9’ 5
Vy? - 25
2 [ "
y

, y>5
2dx
14. ——— 1
¥Vx2 -1

¥Vx? + 1
NSO 52
18./972»‘1‘11”
w

1
oy
20.A T

2
x”dx
22. /7()(2 — 1)5/2, x> 1

4

- 3/2 _ 12
Y LE. PR (CC.IN
X

X
8 dx 6dt
25 [ —F— 2. [ —F—
(4x% + 1)? /(9t2 +1)?

2 1— 2)5/2
27. / ﬁ 28, / a=-rr .
= r

In Exercises 29-36, use an appropriate substitution and then a trigono-
metric substitution to evaluate the integrals.

e In (4/3) ‘
20. e'dt 3 / e dzt =
0 e+ 9 mes (1 + e
2 / Y 2dr - / . S
“ i Vit avi "y VI (Iny)?
dx dx
33 | 22— 34,
/x\/ﬁ 1+x°
xdx / dx
35 [ 22 36 [ 2
Vx? -1 V1 - x?
Initial Value Problems 691

Solve the initial value problems in Exercises 3740 for y as a function
of x.

d
37.xzy= -4, x=2 y2)=0

d)

38. Vx2—9ay=l, x>3, y(5)=1In3
dy

39. (x2+4)a=3, y2)=0

d
40. (x> + 1)2d—i =Vxi+1, y(0)=1



EXERCISES 8.8

Evaluating Improper Integrals

Evaluate the integrals in Exercises 1-34 without using tables.

00
11./ 22 dv
2 v —wv

00
13./ Zedr
o (x2 + 1)
1
6+ 1
15./ ————db
0o Ve’ + 20
~ dx
17./
o (1 +x)Vx
~ dv
19.
A (1 4+ v)(1 + tan'v)
0
21./ 0e° do
0
23./ e Mdx
1
25./xlnxdx
0

2
27‘ / L
0 V4 —s?

2
29‘/dis
1 sVs? =1

4
31./ 25
-1 Vx|
{o]
S
-1 8+ 50 +6

Testing for Convergence

the Limit Comparison Test to test the integrals for convergence. If
more than one method applies, use whatever method you prefer.

w2
35. / tan 6 d6
0

< dx
2
/ L Loo1

2
2dx
10./ :
o x° + 4
- /°° 2dt
“hoP-1
14 /w xdx
"o (62 + 4y
2
16./Lds
0 4 — 5?

o
18./ ————dx
1xVxr-1

1
20./ 16 tan zxdx
0 1B B
22. / 2¢ % sin 6 df
0
24./ 2xe ™ dx
1
26./ (—Inx) dx
0

1
m/;@;
o V1-—*

4
m/L
2 V2 -4

= dx
3 A (x+ D2+ 1)

In Exercises 35-64, use integration, the Direct Comparison Test, or

/2
36. / cot 6 do
0

™2 cosOdo

38. P e

a2 (m — 260)'3

[
40.
b Vx

1
dt ; .
e =
42. A e Eni (Hint: t = sint fort = 0)

2 2
43./ dxz 44. dx
o 1 —x b 1 —x

1 1
45./ In |x|dx 46./—xln |x|dx
-1 -1
00
48./ 2
4 Vx—1
00
50./ o _
o 1 +e

6
51, / ——— 52 de
0 X0+ 1

2V 1

/ xz —
“Vx+1 /m xdx
53. ———dx 54. i
./1 x? 2 Vaxt-1
55. / a3 56. / L sinx g
™ o %
* 2dr !
57. A A 58. A lnxdx
(X)ex 00
59. [ < dx 60. Z" In (In x) dx
T T
6. [ —L —ux 62. / S
1 f - , er—2

00
dx
o /_oo eft+e™

Ydx
o ./—°° Vixt + 1
Theory and Examples

‘/ 65. Find the values of p for which each integral converges.

/

a [ b [
* /i x(Inx)? ©J» x(Inx)?

66. [ f(x) dx may not equal Jim_ ffb f(x)dx Show that

* 2xdx
b x2+1

diverges and hence that

/OG 2x dx
o X2+ 1

735



diverges. Then show that

b
2x dx = oo

b x2+ 1

lim
h—00

Exercises 67—70 are about the infinite region in the first quadrant be-
tween the curve y = e~ and the x-axis.

67.
68.
69.

70.
71.

72.

73.

[T

74.

Find the area of the region.
Find the centroid of the region.

Find the volume of the solid generated by revolving the region
about the y-axis.

Find the volume of the solid generated by revolving the region
about the x-axis.

Find the area of the region that lies between the curves y = secx
and y = tanx fromx = Otox = 7/2.

The region in Exercise 71 is revolved about the x-axis to generate
a solid.

a. Find the volume of the solid.

b. Show that the inner and outer surfaces of the solid have
infinite area.

Estimating the value of a convergent improper integral whose
domain is infinite

a. Show that

&
/ ey = %e*" < 0.000042,
3

and hence that f;o e™ dx < 0.000042. Explain why this
means that /;)m e dx can be replaced by f03 e dx without
introducing an error of magnitude greater than 0.000042.

3, .
Evaluate fo e " dx numerically.
The infinite paint can or Gabriel’s horn As Example 3 shows,
the integral floo (dx/x) diverges. This means that the integral

F i 1
2~ |1 + —dx,
/ vx\/ x“

which measures the surface area of the solid of revolution traced
out by revolving the curve y = 1/x, 1 = x, about the x-axis, di-
verges also. By comparing the two integrals, we see that, for
every finite value b > 1,

L B by
/ 2wyl + dx > 27| xadx.
1 X 1

1

75

76.

77.

However, the integral

[oye

for the volume of the solid converges. (a) Calculate it. (b) This
solid of revolution is sometimes described as a can that does not
hold enough paint to cover its own interior. Think about that for a
moment. It is common sense that a finite amount of paint cannot
cover an infinite surface. But if we fill the horn with paint (a fi-
nite amount), then we will have covered an infinite surface. Ex-
plain the apparent contradiction.

Sine-integral function The integral

Si (x) =/ ol g,
0

called the sine-integral function, has important applications in op-
tics.

a. Plot the integrand (sin#)/f for # > 0. Is the Si function
everywhere increasing or decreasing? Do you think
Si(x) = 0 forx > 0? Check your answers by graphing the
function Si (x) for 0 = x = 25.

b. Explore the convergence of

“sint
[t
0

If it converges, what is its value?
Error function The function

=g

¥ 2e
o Var

called the error function, has important applications in probabil-
ity and statistics.

a. Plot the error function for 0 = x = 25.

erf (x) =

dt,

b. Explore the convergence of

® 3¢
oV
If it converges, what appears to be its value? You will see how
to confirm your estimate in Section 15.3, Exercise 37.
The function

dt.

Normal probability distribution function

1
oV

is called the normal probability density function with mean u and
standard deviation o . The number w tells where the distribution is
centered, and o measures the “scatter” around the mean.

From the theory of probability, it is known that

/_:f(x)d)c:l.

In what follows, let u = Oand o = 1.

Y

f&x) =
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. Draw the graph of f. Find the intervals on which f is
increasing, the intervals on which f is decreasing, and any

local extreme values and where they occur.

b. Evaluate
n
/ f(x)dx
-n
forn =1,2,3.
¢. Give a convincing argument that

/ 78. Here is an argument that In 3 equals 0 — 00, Where does the ar-

[

(Hint: Show that 0 < f(x) < ¢™/?for x > 1, and for

b>1,

o
/ e dx—0 as b—>0)
b

gument go wrong? Give reasons for your answer.

79. Show that if f(x) is integrable on every interval of real numbers
and a and b are real numbers with @ < b, then

1n3:|n1+]n3:|nl—ln%
. b—2\_ .1
- e(t59) -
b
. x—2
b]l[rolo[ln x ]3

b
lim [ln [x = 2}~ lnx]
h—00 3

bl 1
blggol (x—Z 7§>dx

d\:*

[

b
lim [ln (x — 2)] — lim [lnx}
b—o0 3 booo

=00 — 00,

b

3

8.8 Improper Integrals 633

3 f” f(x)dx and joc f(¥ ) dx both converge if and only if
f . f(x) dx and fh
b. fmf(x)dx + fa f(x )dx = fioof x)dx + fbmf(x)dx

when the integrals involved converge.

x) dx both converge.

80. a. Show that if f is wnd the necessary integrals exist, then

/_:f(x)dx = %wf(x)dx.

b. Show that if f is odg and the necessary integrals exist, then

[ =

Use direct evaluation, the comparison tests, and the results in Exercise
80, as appropriate, to determine the convergence or divergence of the
integrals in Exercises 81-88. If more than one method applies, use
whatever method you prefer.

- oy

81/ 82./ S -
oo\/ +1 —o Vaxb + 1
~ < e dx

83. /me T 84‘/mx2+1

85./ e Mldx

™
86. / di*\z
o (x + 1)
* |sinx| + |cosx|
87. — T dx
oo [x] +1

(Hint: |sinf| + |cosf| = sin® 6 + cos?0.)

o xdx
88. e o
/ﬂo (x+ 1)(x*+2)

COMPUTER EXPLORATIONS
Exploring Integrals of x” In x

In Exercises 89-92, use a CAS to explore the integrals for various val-
ues of p (include noninteger values). For what values of p does the in-
tegral converge? What is the value of the integral when it does con-
verge? Plot the integrand for various values of p.

89./x”1nxdx 90./ xP Inxdx
0 e

91./ xP Inx dx 92./ xPIn |x|dx
0

—o0

Qﬁw) &(Oﬂl w €IR
JL welR
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Chapter Practice Exercises

\/Integration Using Substitutions

Evaluate the integrals in Exercises 1-82. To transform each integral

19. / e’ sin (e?) cos® (e) do  20. / e’ sec? () db

into a recognizable basic form, it may be necessary to use one or more e
: ; et ; 2. [ 27 'ar 2. [ 5V
of the techniques of algebraic substitution, completing the square, : :
separating fractions, long division, or trigonometric substitution.
23 / Ll 24 / v
: vinv . v(2 + Inv
1. /x\/4x2 — 9dx 2 /6x\/3x2 + 5dx p (_ B )
25. / & g6 | LT i
2 -1
3: /X(Zx o l)l/zdx 4. /X(l _ x)_'/zdx (x* + 1)(2 + tan"'x) V1 — %2
27 _ 2dx 28 /L
5 xdx 6 X dx V1 — 4x? V49 — x2
Vex? + 1 V9 — 4x? 55 / dt 30 / dt
. / ydy g / vy V16 - o2 Vo — 4
25 +y2 4 + y4 a1 / dt 32 / dt
0 £ dt 6 / 2tdt oo+ r T+ oase
Vo4t ! . / 4dx a4 6dx
11. /22/3(25/3 + 1) dz 12. /z_'/s(l + 452 gz 5¥V25x? — 16 Vax? -9
35, /dix 36 /$
13 sin 26 d6 14 / cos 0 db Vax — x? Viax — x> — 3
(1 — cos26) (1 + sing)'2 - / dy a8 / dt
15 sin dt 16 cos2t . -4 +8 )P +4+s
* ) 3+ 4cost ©J 1 +sin2t / dx / dv
39 [ — 40. [ ——— ——
17; /siane“sz"dx 18. /secxtanxe“”dx (= DVa® —2x (v + D)Vo? + 20
41. /sinzxdx 42. /.cos2 3xdx
43, /sin3§d9 44. /sin39c0529d0 85. /lan’l 3xdx 86. /cos’l (%) dx
45. /tzm3 2tdt 46. /Gsec“tdt 87. /(x + 1)%"dx 88. /xZ sin (1 — x)dx
47. L 48. & 89. e* cos 2x dx 90. e ¥ sin 3x dx
2 sinx cosx cos?x — sin’x
/2 3m/4
49. //4 Viesc’y — 1dy 50. P Vieot? t + 1dt /Part-ia[ Fractions
- 2 Evaluate the integrals in Exercises 91-110. It may be necessary to use
51. / V1 — cos? 2xdx 52. / i T= sin’ %dx a substitution first.
0 0
/2 2 o1 xdx 9 xdx
53.//2\/1—00521111 54./ V1 + cos2tdt ) xP-3x+2 ) XX+ 4 +3
dx Xrtsl
x? x 93. /7 9. /7&
55. /mdx 56. /9 Py dex xx + 1)2 (x — D
in 6 dO cos 6 df
a2 +3 2 95. s 9. /
57. zxx—l dx 58. X74dx /00520+c056—2 sin? + sinf — 6

2
-1 yt4 97. /wdx 98./ drdy
59. dy 60. dy X+ x X+ 4x
yi+4 yi+ (bt
(42 222+ V1 -7 99./”34@ 100./é
61. 4— ﬁdt 62. ﬁdt 2v° — 8v (v—1)(v-2)v-3)
dt tdt
tan x dx cotx 101. /ﬁ 102. /#
63'/tanx+secx 64'_/cotx+cscxdx 4+ 3 =2
X+ x? ¥+
65. /sec (5 — 3x)dx 66. /xcsc (x% + 3)dx 103. /xz +x - 2dx 104. X - xdx
x3 +idx? 23 + x? = 21x + 24
67./00’((%):& 68./tan(2x—7)dx 105'/x2+4x+3 106. B =
dx dx
6. /x\/l “xds 70. /3x\/2x + ldv 107. /x(y e+ 1) 108. /x(l + VA)
ds ds
1. /\/z2 + ldz 72. /(16 + 2231 dz 109. /e: -1 ”0‘/ o 11
dy dy \/ Trigonometric Substitutions
73. 74.
Vs + )2 V25 + 9y Evaluate the integrals in Exercises 111-114 (a) without using a
7. / dx 76 x*dx trigonometric substitution, (b) using a trigonometric substitution.
V1= V-2 m [ 2y 2 [ xdr
2 : 2 ) 2
g7, [ e 78./\/74—;:1,1;: V16 -y Vit
V1 —x? xdx tdt
113. 3 114. ——
79 dx 0. 12.dx 4 —x Var -1
: Vx: -9 ’ (x2 — 1) .
Vil =1 VZ_ 16 Quadratic Terms
81. / w dw 82. / z dz Evaluate the integrals in Exercises 115-118.
xdx dx
\/Integratlon by Parts 1S / 90— 2 6. /x(g )
Evaluate the integrals in Exercises 83-90 using integration by parts. dx dx
117. B 5 118. —
=

83. /ln(x+ 1) dx 84. /lenxﬂ'x



Trigonometric Integrals

Evaluate the integrals in Exercises 119-126.

119.

121.

123.

125.

/ sin® x cos* x dx
/ tan* x sec? x dx

/ sin 56 cos 66 d6

/ V1 + cos(#/2)dt

120. / cos® x sin® x dx
122. / tan® x sec’ x dx
124. / cos 36 cos 30 db

126. /e'\/tan2 el + ldt

Numerical Integration

127.

128.

129.

130.

131.

According to the error-bound formula for Simpson’s Rule, how
many subintervals should you use to be sure of estimating the

value of
1
In3 = / Y dx
1

by Simpson’s Rule with an error of no more than 10™* in ab-
solute value? (Remember that for Simpson’s Rule, the number of
subintervals has to be even.)

A brief calculation shows that if 0 = x = 1, then the second

derivative of f(x) = V1 + x* lies between 0 and 8. Based on
this, about how many subdivisions would you need to estimate
the integral of f from 0 to 1 with an error no greater than 10~ in
absolute value using the Trapezoidal Rule?

A direct calculation shows that

w
/ 2sin’xdx = 7.
o

How close do you come to this value by using the Trapezoidal
Rule with » = 6? Simpson’s Rule with n = 6? Try them and
find out.

You are planning to use Simpson’s Rule to estimate the value of

the integral
2
[ 1w

with an error magnitude less than 107>, You have determined
that | f®(x)| = 3 throughout the interval of integration. How
many subintervals should you use to assure the required accu-
racy? (Remember that for Simpson’s Rule the number has to be
even.)

Mean temperature Compute the average value of the temper-
ature function

_ . 2m
f(x) = 37sin (E (x- 101)) +25
for a 365-day year. This is one way to estimate the annual mean

air temperature in Fairbanks, Alaska. The National Weather Ser-
vice’s official figure, a numerical average of the daily normal

132.

133.

134.

mean air temperatures for the year, is 25.7°F, which is slightly
higher than the average value of f(x).

Heat capacity of a gas Heat capacity C, is the amount of heat
required to raise the temperature of a given mass of gas with
constant volume by 1°C, measured in units of cal/deg-mol (calo-
ries per degree gram molecular weight). The heat capacity of
oxygen depends on its temperature 7 and satisfies the formula

C, =827 + 107 (26T — 1.87T?).

Find the average value of C,, for 20° = 7' = 675°C and the tem-
perature at which it is attained.

Fuel efficiency An automobile computer gives a digital read-
out of fuel consumption in gallons per hour. During a trip, a pas-
senger recorded the fuel consumption every 5 min for a full hour
of travel.

Time Gal/h Time Gal/h
0 2.5 35 2.5

5 24 40 2.4

10 23 45 2.3

15 24 50 2.4

20 24 55 2.4

25 25 60 2.3

30 2.6

a. Use the Trapezoidal Rule to approximate the total fuel con-

sumption during the hour.

=2

. If the automobile covered 60 mi in the hour, what was its fuel
efficiency (in miles per gallon) for that portion of the trip?

A new parking lot To meet the demand for parking, your town
has allocated the area shown here. As the town engineer, you have
been asked by the town council to find out if the lot can be built
for $11,000. The cost to clear the land will be $0.10 a square foot,
and the lot will cost $2.00 a square foot to pave. Use Simpson’s
Rule to find out if the job can be done for $11,000.

0 ft

Vertical spacing = 15 ft

]gﬂored
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Improper Integrals

v

3
135./ 2.
0 V9 — x?
L d
137./ %
-1y
o0
139./ fi
3w —2u
oo
141./ x2e ™ dx
0

w0
143./ e
—0 4x° + 9

Evaluate the improper integrals in Exercises 135-144.

1

136. / Inxdx
(]
0

138. I

2 (0 + 1)

o0

3v—1
140. —a—— 4V
[ 4’ —?

0
142./ xe™ dx
o
o0
144./ 24dx
0 x° + 16

Convergence or Divergence

Which of the improper integrals in Exercises 145-150 converge and

which diverge?
00

145. / a8
6 Ver+1
o

147. / Inz
1

0o
2dx
149. /_ T

Assorted Integrations

0
146. / e "cosudu
0

-
e

LVt

150./ o
-0 x%(1 + &%)

148. dt

Evaluate the integrals in Exercises 151-218. The integrals are listed in

random order.

x dx
151. —
/ 1+ Vx

dx
183. | ————
/x(,\'2 + 1)2

155./¢
V—2x — x?
/ du

’ V1 + u?

2 — cosx + sinx
DT T

sin®x
161. /ﬂ
81 — v*
163. /0cos(29 +1)do

/ x3dx
X2 —2x+1

2 sin Vx dx
") VaseeVx

dy
siny cosy

157

159.

165.

167

169.

3
152./)‘—*'2213
4 —x

154 . 0VE,,
Vx
(t = 1)dt
156. ——
Vit -2t
158. /e'cose’dt
e 32
160. / sinb 4
cos” 6

162. / cosx.d;(
1 + sin“x

< dx
164. —
A (x — 1)?
" dp
166./—7
V1+ Ve
5
168./ xdx
x*— 16
170_/‘170
0> —20+4

171. /“’%‘dx
Ccos™ x
(r +2)dr
’ V—r? — 4r

/ sin 20 d6
(1 + cos20)?

/2
177. / V1 + cos4x dx
/4

173

175.

xdx

V2 —x

d
181./27)}
y -2y +2

183. / 6 tan (6%) do

179,

z+1
185. — 5 ——d:
/zz(z2 +4) ‘

tdt

Vo -4
189./ cot@ldf
1+ sin“ @
tan\V/y
[t
2Vy
/ 6%d6
4- ¢

-1
cos (sin x)d

187

191.

193.

195. | — ——"dx
V1 — x?
197. /sin%cos%dx

e'dt
199. / -
*Iny
[
. Y
203. / coiy
Insinv

205. / emVE iy

201.

sin 5t dt

207. [ —
/ 1 + (cos 5t)?
209. / (27)*'do

dr
211.
/ 1+ Vr

/ 8dy
Yy +2)

8dm

’ m\V49m> — 4

213.

215,

Teorontu.T

dr

172./7
(r+ 1)Vrt+2r
d
174./ 2 y4
4+y
dx
176. —
/(x2 —1)?
178./(15)2*+‘dx
/ V1 — P
0 —zdv
v

180.

182./ln Vx — ldx

xdx
8 — 2x% — x*

/ ¥t gy

/10

188. V1 + cos 56 d6
0

tan ' x
———dx
/ x>
e'dt
192. i i
/ez’ + 3¢+ 2

1 — cos2x
194'/1 +costdx

184.

186.

190.

cos x dx
196. —_—
/sin3x — sinx
2—x+2
198. [ =4
@2+2p @

200. / tan® 7 dt

/3 + sec’x + sinx

202. dx

tan x

dx

204./7
(2x = 1)Vx?—x

206. / e"\V/3 + 4e%p

dv
208./7
Ve — 1
/x5 sin x dx

/ 4x* — 20x 0

xt—10x? + 9
(t+ 1)dt

R+ 2

210.

212.

214,
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